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Abstract
In this paper, we study the properties of Hom groups. Firstly, we give some basic properties and
the equivalent description of Hom groups. We then obtain the necessary and sufficient conditions
for equality of two Hom cosets and prove that a Hom quotient group is a Hom group. Moreover,
we show the first and the second isomorphism fundamental theorems of homomorphisms of Hom
groups.
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1 Introduction
Hartwig, Larsson, and Silvestrov firstly introduced the notion of hom-Lie algebras during the study
of deformations of the Witt and the Virasoro algebras. In a Hom-Lie algebra, the Jacobi identity
is twisted by a linear map, called the Hom-Jacobi identity in [1, 2, 3]. A quantum deformation
or a q-deformation of an algebra of vector fields is obtained when a usual derivation was replaced
by a derivation dσ that satisfies a twisted Leibniz rule dσ (fg) = dσf (g) + σ (f)dσ (g), where σ is
an algebra endomorphism of a commutative associative algebra. The set of σ-derivations with the
classical bracket is a new type of algebra which does not satisfy the Jacobi identity. However, it
satisfies Hom-Jacobi identity and it is called Hom-Lie algebras. Because of close relation of discrete
and deformed vector fields and differential calculus in [9, 10, 11], more people pay special attention to
the algebraic structure. The corresponding associative algebras called Hom-associative algebras, were
introduced in [12]. A Hom-associative algebra with a bracket [a, b] = ab − ba is a Hom-Lie algebra.
Other-nonassociative objects such as Hom-coalgebras, Hom-bialgebras and Hom-Hopf algebras were
introduced and studied in [4, 13, 14, 16, 17, 18].
Much work have been done between Hom-Lie algebras and Hom-Hopf algebras. Due to the lack of
Hom-type of notions for groups and group algebras, Hom groups which naturally are appearing in the
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structure of the group-like elements of Hom-Hopf algebras came into the context of Hom-type objects
to complete some relations [8]. Having this notion will help us to find out more about Hom-Hopf
algebras. The twisting map α of a Hom group G does not need to be invertible in the original works
[6, 8], however many interesting results in [5], including main results of this paper, are obtained
in the case α is invertible. The author in [5, 6] has introduced some basics of Hom groups, their
representations, Hom group (co)homology and Lagrange’s theorem for Hom groups.
In this paper, we assume that the twisting map α is bijective. Then we promote the results of
groups to Hom groups. In Section 2, we introduce some fundamental notions of Hom groups such
as Hom subgroups and law of cancellation of Hom groups. In addition, we show the intersection of
two Hom subgroups is a Hom group. In Section 3, we define Hom normal subgroups by Hom cosets.
Then we give Hom quotient groups and prove that a Hom quotient group is a Hom group. In Section
4, we use Hom quotient groups to show that the fundamental theorem of homomorphisms of Hom
groups is valid. Then we obtain the first and the second isomorphism theorems.
2 Basic property of Hom groups
In this section, we recall basic notions and properties of Hom groups. Then we introduce several new
notions of Hom groups such as the law of cancellation and equivalent descriptions of Hom groups.
Throughout the paper, we assume the map α is invertible, then some properties can be obtained by
Hom-associativity when α is invertible.
Definition 2.1. [5] A Hom group consists of a set G together with a distinguished member 1 ∈ G, a
bijective set map α : G −→ G, a binary operation µ : G × G −→ G, where these pieces of structure
are subject to the following axioms:
(1) The product map α : G −→ G satisfies the Hom-associativity property
µ (α (g) , µ (h, k)) = µ (µ (g, h) , α (k)) .
For simplicity when there is no confusion we omit the multiplication sign µ.
(2) The map α is multiplicative
α (gh) = α (g)α (h) .
(3) The element 1 is called unit and it satisfies the Hom-unitarity conditions
g1 = 1g = α (g) , α (1) = 1.
(4) For every element g ∈ G, there exists an element g−1 ∈ G such that
gg−1 = g−1g = 1.
G is called a Hom semigroup if the conditions (1),(2) are satisfied. A Hom semigroup satisfying
the condition (3) is called a Hom monoid.
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Proposition 2.2. If G is a Hom monoid, then the unit is unique. Therefore, there is a unique unit
in Hom groups.
Proof. Let 1′ be another unit of G, then
1′ = α
(
1′
)
= 1′1 = α (1) = 1
.
Proposition 2.3. Let G be a Hom group. Then
(1)[5] For each g ∈ G, the inverse element g−1 is unique.
(2)[6] For each g ∈ G,
(
g−1
)
−1
= g.
(3)[5] For g, h ∈ G, (gh)−1 = h−1g−1.
(4)[6] For each g ∈ G, (α(g))−1 = α(g−1).
Proposition 2.4. Let G be a Hom group. If there is an element g ∈ G such that gg = α (g) = g1,
then g = 1.
Proof. Assume that g ∈ G satisfies gg = α (g) = g1. Then
(gg)α
(
g−1
)
= α (g)α
(
g−1
)
= α
(
gg−1
)
= α (1) = 1,
(gg)α
(
g−1
)
= α (g)
(
gg−1
)
= α (g) 1 = α2 (g) ,
which imply that α2 (g) = 1. Hence g = α−2 (1) = 1 by α being invertible.
Proposition 2.5. If the elements g, h, k in a Hom group satisfy gh = gk or hg = kg, then h = k.
Proof. Assume that gh = gk. By left multiplying α
(
g−1
)
to both sides of gh = gk the equal-
ity α
(
g−1
)
(gh) = α
(
g−1
)
(gk) is obtained, so
(
g−1g
)
α (h) =
(
g−1g
)
α (k) by the law of Hom-
associativity. Hence 1α (h) = 1α (k) by the definition of Hom-invertibility. By Hom-unitarity we have
α2 (h) = α2 (k). Then h = k, since α is invertible. The same argument shows that hg = kh implies
h = k.
Proposition 2.6. Let G be a Hom group. Then
(1) For all g, h ∈ G, α−1 (gh) = α−1 (g)α−1 (h).
(2) For all g, h, k ∈ G,
(
α−1 (g) h
)
k = g
(
hα−1 (k)
)
.
Proof. (1) For all g, h ∈ G,
α
(
α−1 (gh)
)
= gh = α
(
α−1 (g)
)
α
(
α−1 (h)
)
= α
(
α−1 (g)α−1 (h)
)
.
We have α−1 (gh) = α−1 (g)α−1 (h), since α is invertible.
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(2) For all g, h, k ∈ G, since α is invertible, there exists h′ such that α−1 (h′) = h, and
α (g)
(
h′k
)
=
(
gh′
)
α (k) ,
α−1
(
α (g)
(
h′k
))
= α−1
((
gh′
)
α (k)
)
,
α−1 (α (g))α−1
(
h′k
)
= α−1
(
gh′
)
α−1 (α (k)) ,
gα−1
(
h′k
)
= α−1
(
gh′
)
k,
g
(
α−1
(
h′
)
α−1 (k)
)
=
(
α−1 (g)α−1
(
h′
))
k, g
(
hα−1 (k)
)
=
(
α−1 (g) h
)
k,
which complete the proof.
Theorem 2.7. Let G be a Hom semigroup. Then G is a Hom group if and only if the following two
conditions hold:
(1) There exists an element 1 ∈ G such that 1g = α (g), α (1) = 1 (left unit).
(2) For each g ∈ G, there exists an element g−1 ∈ G such that g−1g = 1 (left inverse).
Proof. (=⇒) Trivial.
(⇐=) We need to prove: 1 is the right unit, and g−1 is the right inverse, i.e. gg−1 = 1. Let
h = gg−1, then
hh =
(
gg−1
) (
gg−1
)
=
(
gg−1
)
α
(
α−1
(
gg−1
))
= α (g)
(
g−1
(
α−1
(
gg−1
)))
= α (g)
(
g−1
(
α−1 (g)α−1
(
g−1
)))
= α (g)
(
α−1
(
g−1g
)
g−1
)
= α (g)
(
α−1 (1) g−1
)
= α (g)
(
1g−1
)
= α (g)α
(
g−1
)
= α
(
gg−1
)
= α (h) .
Moreover, we have h = α−1(hh) = α−1(h)α−1(h) and α (1) = 1 = h−1h = h−1
(
α−1(h)α−1(h)
)
=(
α−1(h)α−1(h)
)
h = α−1 (1) h = 1h = α (h) = α
(
gg−1
)
. 1 = gg−1 since α is invertible. Thus g−1 is
the right inverse.
In addition, g1 = gα−1 (1) = gα
(
g−1g
)
= g
(
α−1(g−1)α−1(g)
)
=
(
α−1(g)α−1(g−1)
)
g = α−1
(
gg−1
)
g
= α−1 (1) g = 1g = α (g). Thus 1 is the right unit.
This shows that G is a Hom group.
Proposition 2.8. Let G be a nonempty Hom semigroup with |G| < +∞. Then G is a Hom group if
and only if G satisfies the law of left and right cancellation.
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Proof. Let G = {a1, a2, · · · , an}. Since α is invertible, we have
G = {a1, a1, · · · , an} = {α (a1) , α (a2) , · · · , α (an)} .
For any k ∈ {1, 2, · · · , n}, by right multiplying ak to every element of G, G
′ = {a1ak, a2ak, · · · , anak}
is obtained.
We claim that G = G′. By the closure of binary operation, we have G′ ⊆ G. We need to show
that |G′| = n = |G|, othervise there exist 1 ≤ i, j ≤ n such that aiak = ajak. ai = aj by the law of
right cancellation, which leads to a contraction. Thus |G′| = n = |G|. The claim is proved.
There exists r ∈ {1, 2, · · · , n} such that α (ak) = arak by G = G
′. So α (ak)α (ak) = α (akak) =
α (ak)α (ak) = α (ak) arak = (akar)α (ak). By the law of right cancelation, we get α (ak) = akar. We
claim that ar is the left unit of G. For any α (ai) ∈ G, α (ak)α (ai) = (akar)α (ai) = α (ak) (arai).
By the law of left cancellation, we get α (ai) = arai. In addition, α (ar) = ar, otherwise assume
that α (ar) = as 6= ar, we have ar (aras) = α (aras) = α (ar)α (as) = as (aras). By the law of right
cancelation, we get ar = as, leading to contradiction. Therefore ar is the left unit of G. This proves
the claim.
Since G′ = G, there exists j ∈ {1, 2, · · · , n} such that ar = ajak, that is, aj is the left inverse of
ak with respect to the left unit ar in G. Therefore, G is a Hom group.
Definition 2.9. [6] Let (G,α) be a Hom group and H a nonempty subset that is closed under the
product in G. If (H,α) is itself a Hom group under the product in G, then H is said to be a Hom
subgroup of G, denoted by H  G.
Proposition 2.10. Let H be a Hom subgroup of G. Then
(1) 1H = 1G.
(2) For each g ∈ H, g−1H = g
−1
G .
Proof. (1) 1H1H = α (1H) = 1H = α (1H) = 1G1H , so 1H = 1G by the law of cancellation in G.
(2) For each g ∈ H, we have gg−1H = 1H = 1G = gg
−1
G . Hence g
−1
H = g
−1
G by the law of cancellation
in G.
Theorem 2.11. Let H, K be two Hom subgroups of G. Then
(1) H ∩K  G;
(2) H ∪K  G if and only if H ⊂ K or K ⊂ H.
Proof. (1) Obviously, we have 1G ∈ H ∩K 6= ∅ by Proposition 2.10. For any g, h ∈ H ∩K, we have
g, h ∈ H and g, h ∈ K. So we have gh−1 ∈ H and gh−1 ∈ K by H  G and K  G. Therefore,
gh−1 ∈ H ∩K, which implies H ∩K  G.
(2) (⇐=) Assume that H ⊂ K or K ⊂ H, we have H ∪K = K or H, then H ∪K  G.
(=⇒) Suppose that H ∪K  G, we need to prove H ⊂ K or K ⊂ H. Suppose that H ( K and
K ( H, then there exists g ∈ H while g 6∈ K, and there exists h ∈ K while h 6∈ H. Hence g ∈ H ∪K
and h ∈ H ∪ K. Then gh ∈ H ∪ K follows from H ∪ K  G. Thus gh ∈ H or gh ∈ K. Suppose
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that gh ∈ H. Since H  G, we have α
(
g−1
)
∈ H. The equality α2 (h) = 1α (h) =
(
gg−1
)
α (h) =
α
(
g−1
)
(gh) implies that α2 (h) ∈ H. Hence h ∈ H, which contradicts the assumption that h 6∈ H.
Similarly, if gh ∈ K, we have g ∈ K, which contradicts the assumption that g 6∈ K. This shows that
H ⊂ K or K ⊂ H.
3 Hom normal subgroups and Hom quotient groups
In this section we recall the definitions of coset of Hom groups. Then we focus on Hom normal
subgroups, which is the foundation of Hom quotient groups. Finally, we set up Hom quotient groups
and prove that it is a Hom group.
Definition 3.1. [5] Let H be a Hom subgroup of a Hom group G. Let a be an element of G, Denote
aH = {ah|h ∈ H} and Ha = {ha|h ∈ H}. The sets aH and Ha are called a Hom left coset and a
Hom right coset of H in G respectively.
Proposition 3.2. Let H be a Hom subgroup of a finite Hom group G. For all a, b ∈ G the following
statements are equivalent:
(1) aH = bH.
(2) aH ∩ bH 6= ∅.
(3) a−1b ∈ H.
(4) α (b) ∈ aH.
(5) α (a)H = α (b)H.
Proof. (1) =⇒ (2) Its obvious that aH ∩ bH 6= ∅.
(2) =⇒ (3) There exist h1, h2 ∈ H such that ah1 = ah2. By multiplying α
(
a−1
)
to both sides of
ah1 = ah2 the equality α
(
a−1
)
(bh2) = α
(
a−1
)
(ah1) is obtained. Then
(
a−1b
)
α (h2) =
(
a−1a
)
α (h1) = 1α (h1) = α
2 (h1) .
By multiplying α2
(
h−12
)
to both sides of
(
a−1b
)
α (h2) = α
2 (h1), we have
((
a−1b
)
α (h2)
)
α2
(
h−12
)
=
α2 (h1)α
2
(
h−12
)
. Then
α2
(
h1h
−1
2
)
= α
(
a−1b
) (
α (h2)α
(
h−12
))
= α
(
a−1b
)
α
(
h2h
−1
2
)
= α
(
a−1b
)
α (1)
= α2
(
a−1b
)
.
Hence a−1b = h1h
−1
2 ∈ H by α being invertible.
(3) =⇒ (4) Since α (b) = 1b = α−1b = α−1
(
aa−1
)
b = a
(
α−1
(
a−1
)
α−1 (b)
)
= aα−1
(
a−1b
)
and
a−1b ∈ H, we have α (b) = aα−1
(
a−1b
)
∈ aH by the fact that α is bijective.
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(4) =⇒ (5) Let α (b) ∈ aH. Then there exists h1 ∈ H such that α (b) = ah1. For each α (b)h ∈
α (b)H, α (b) h = (ah1)h. Since there exists h2 ∈ H such that α (h2) = h, we have α (b) h =
(ah1)α (h2) = α (a) (h1h2) ∈ α (a)H. Thus α (b)H ⊆ α (a)H.
In addition, by multiplying α
(
h−11
)
to both sides of α (b) = ah1 the equality α (b)α
(
h−11
)
=
(ah1)α
(
h−11
)
is obtained, so α
(
bh−11
)
= α (a)
(
h1h
−1
1
)
= α (a) 1 = α2 (a). Since α is invertible, we
have bh−11 = α (a). And there exists h3 ∈ H such that α (h3) = h, then α (a) h =
(
bh−11
)
α (h3) =
α (b)
(
h−11 h3
)
∈ α ()H. Thus α (a)H ⊆ α (b)H.
Hence, α (a)H = α (b)H.
(5) =⇒ (1) For each ah ∈ aH, there exists h1 ∈ H such that α (h) = h1. Then α (ah) =
α (a)α (h) = α (a) h1, which implies that ah = α
−1 (α (b) h1) = bα
−1 (h1) ∈ bH. This shows that
aH ⊆ bH. Similarlily, we have bH ⊆ aH. Therefore, we get aH = bH.
So the proposition holds.
Definition 3.3. Let H be a Hom subgroup of a Hom group G. If gH = Hg for any g ∈ G, then H
is called a Hom normal subgroup of G, denoted by H ⊳ G.
Proposition 3.4. Let H be a Hom subgroup of a Hom group G, for all g ∈ G the following statements
are equivalent:
(1) gH = Hg.
(2) For each h ∈ H, (gh)α
(
g−1
)
∈ H.
(3) (gH)α
(
g−1
)
⊆ H.
(4) (gH)α
(
g−1
)
= H.
(5) α (g)H = Hα (g).
Proof. (1) =⇒ (2) Let gH = Hg. Then there exist h1, h2 ∈ H such that gh1 = h2g, hence we have
(gh1)α
(
g−1
)
= (h2g)α
(
g−1
)
= α (h2)
(
gg−1
)
= α (h2) 1 = α
2 (h1) ∈ H.
(2) =⇒ (3) It is obvious that (gH)α
(
g−1
)
⊆ H.
(3) =⇒ (4) We only need to show that H ⊆ (gH)α
(
g−1
)
. For every h ∈ H, there exists h′ such
that
h = α2
(
h′
)
= α
(
h′
)
1
= α
(
h′
) (
gg−1
)
=
(
h′g
)
α
(
g−1
)
.
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Note that
(
α
(
α−1
(
h′
))
g
)
=
((
1α−1
(
h′
))
g
)
=
((
α−2
(
gg−1
)
α−1
(
h′
))
g
)
=
(((
α−2 (g)α−2
(
g−1
))
α−1
(
h′
))
g
)
=
((
α−1 (g)
(
α−2
(
g−1
)
α−2
(
h′
)))
g
)
=
(
g
((
α−2
(
g−1
)
α−2
(
h′
))
α−1 (g)
))
.
Due to g−1 ∈ G and α being bijective, we have
(
g−1h′
)
α (g) ∈ H and α−2
(
g−1h′
)
α−1 (g) ∈ H which
implies that
(
α−2
(
g−1
)
α−2 (h′)
)
α−1 (g) ∈ H. Then we have h ∈ gHα
(
g−1
)
and H ⊆ (gH)α
(
g−1
)
.
Therefore, (gH)α
(
g−1
)
= H holds.
(4) =⇒ (5) For each hα (g) ∈ Hα (g), there exists h1 such that α
−1 (h1) = h, and there exists
h2 such that h1 = (gh2)α
(
g−1
)
. Then we have hα (g) = α−1 (h1)α (g) = α
−1
(
gh2α
(
g−1
))
α (g) =
α
(
α−1 (gh2)
) (
gg−1
)
= (gh2) 1 = α (gh2) = α (g)α (h2) ∈ α (g)H. Thus Hα (g) ⊆ α (g)H.
Similarly, for each α (g) h ∈ α (g)H, there exists h3 such that α
−1 (h3) = h, and there exists h4
such that h3 =
(
g−1h4
)
α (g). Then we have α (g) h = α (g)α−1 (h3) = α (g)α
−1
((
g−1h4
)
α (g)
)
=(
gα−1
(
g−1h4
))
α (g) =
(
α−1
(
gg−1
)
h4
)
α (g) =
(
α−1 (1) h4
)
α (g) = (1h4)α (g) = α (h4)α (g) ∈
Hα (g). Thus α (g)H ⊆ Hα (g).
Hence, α (g)H = Hα (g).
(5) =⇒ (1) For every g, there exists g′ ∈ G such that α (g′) = g. According to (5), we have
α (g′)H = Hα (g′). Thus, gH = Hg.
So the proposition holds.
Example 3.5. Let G be a Hom group, then Z (G) ⊳ G, where Z (G) = {h ∈ G|gh = hg,∀g ∈ G}.
Proof. By reference [5], Z (G) is a Hom subgroup of G. For every h ∈ Z (G) , g ∈ G, we have
(gh)α
(
g−1
)
= (hg)α
(
g−1
)
= α (h)
(
gg−1
)
= α (h) 1 = α2 (h) ∈ Z (G), which implies Z (G) ⊳ G.
Proposition 3.6. If H is a Hom normal subgroup of a Hom group G and G/H is the set of all (left)
Hom cosets of H in G, then G/H is a Hom group under the binary operation given by µ˜ (aH, bH) =
µ (a, b)H with α˜ (aH) = α (a)H.
Proof. First, we verify the two definitions are well-defined.
Verify µ˜ : G/H × G/H −→ G/H is well-defined: Assume that a1 = a2 and b1 = b2, we need to
prove a1b1 = a2b2, that is a1b1 = a2b2. Since
(a1b1)
−1 (a2b2) =
(
b−11 a
−1
1
)
(a2b2)
= α
(
b−11
) (
a−11 α
−1 (a2b2)
)
= α
(
b−11
) ((
α−1
(
a−11
)
α−1 (a2)
) (
αα−1 (b2)
))
= α
(
b−11
) (
α−1
(
a−11 a2
)
b2
)
,
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and a1 = a2 which implies that a1H = a2H, there exists h ∈ H such that a
−1
1 a2 = h. Then we
get α
(
b−11
) (
α−1
(
a−11 a2
)
b2
)
= α
(
b−11
) (
α−1(h)b2
)
= α
(
b−11
)
(b2h
′) =
(
b−11 b2
)
α (h′) ∈ H, that is
(a1b1)H = (a2b2)H. Therefore, µ˜ is well-defined.
Verify α˜ : G/H −→ G/H is well-defined: Assume that aH = bH, we have α (a)H = α (b)H by
proposition 3.2. Therefore, α˜ is well-defined.
Now, we prove G/H is a Hom group:
(1) α˜(g)(h·k) = α˜(gH)(hHkH) = α˜(gH)(hk)H = α(g)H(hk)H = (α(g)(hk))H = ((gh)α(k))H =
(gh)Hα(k)H = (gHkH)α(k)H = (gHkH)α˜(kH), then the Hom-associativity property is obtained.
(2) It is obvious that α˜ is a bijective set map with α bijective. By α˜ ((gH) (kH)) = α˜ (gkH) =
α(gk)H = (α(g)α(k))H = (α(g)H) (α(k)H) = α˜ (gH) α˜ (kH), α˜ is multiplicative.
(3) H is the identity element: since (gH)H = (gH)(1HH) = (g1H )H = α(g)H = α˜(gH), we have
(gH)H = H(gH) = α˜ (gH).
(4) For all gH, there exists g−1H such that (gH)(g−1H) = (g−1H)(gH) = 1HH = H.
This shows that G/H is a Hom group.
4 Homomorphisms of Hom groups
In this section we introduce the main results of this paper, about homomorphisms of Hom groups.
One of the most important theorem is the fundamental theorem of homomorphisms of Hom groups.
We also obtain a great many properties of homomorphisms of Hom groups.
Definition 4.1. [5] Let (G,α), (H,β) be two Hom groups. The map f : G −→ H is called a
homomorphism of Hom groups, if f satisfies the following two conditions:
(1) For all g, k ∈ G, f (gk) = f (g) f (k).
(2) For each g ∈ G, β (f (g)) = f (α (g)).
Moreover, if f : G −→ H is bijective, then we call f isomorphic.
Proposition 4.2. Let f : (G,α) −→ (H,β) be a homomorphism of Hom groups. Then
(1) f (1G) = 1H .
(2) For each g ∈ G, f
(
g−1
)
= (f (g))−1.
Proof. (1) According to f (1G) f (1G) = f (1G1G) = f (α (1G)) = β (f (1G)) = 1Hf (1G) and the law
of right cancellation, we have f (1G) = 1H .
(2) For each g ∈ G, we have
f
(
g−1
)
f (g) = f
(
g−1g
)
= f (1G) = 1H ,
f (g) f
(
g−1
)
= f
(
gg−1
)
= f (1G) = 1H ,
which imply that f
(
g−1
)
= (f (g))−1.
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Proposition 4.3. Let f : (G,α) −→ (H,β) be a homomorphism of Hom groups. Then Kerf = {g ∈
G|f (g) = 1H} is a Hom normal subgroup of G.
Proof. By reference [6, Lemma 2.11], we know Kerf is a Hom subgroup of G, now we need to prove
Kerf is a Hom normal subgroup of G, that is for every g ∈ G, gKerf = Kerfg.
We only need to prove for all h ∈ Kerf , g ∈ G, we have (gh)α
(
g−1
)
∈ Kerf .
Since f
(
(gh)α
(
g−1
))
= f (gh) β
(
f
(
g−1
))
= (f (g) f (h))β
(
f
(
g−1
))
= (f (g) 1H) β
(
f
(
g−1
))
=
β(f(g))β(f(g−1)) = β(f(gg−1)) = β(f(1G)) = β(1H ) = 1H , we have (gh)α(g
−1) ∈ Kerf , which
completes the proof.
Proposition 4.4. Let f : (G,α) −→ (H,β) be a homomorphism of Hom groups, Imf = {f (g) |g ∈
G} is a Hom subgroup of H.
Proof. Since β (f (x)) = f (α (x)) ∈ f (G), we have β is a bijective set map from f (G) to f (G).
According to f (g) f (g′) = f (gg′) ∈ f (G), the closure of binary operation in f (G) is obtained.
Because (H,β) is a Hom group, we have β and the operation of f(g) satisfy four conditions of
definition, which implies that Imf = {f (g) |g ∈ G} is a Hom subgroup of H.
Proposition 4.5. Let f : (G,α) −→ (H,β) be a homomorphism of Hom groups. If G′ is a Hom
subgroup of G and H ′ is a Hom subgroup of H, then
(1) f (G′) is a Hom subgroup of H.
(2) f−1 (H ′) is a Hom subgroup of G.
Proof. Obviously, f (G′) , f−1 (H ′) 6= ∅.
(1) For all g, h ∈ f (G′), they can be written as f (a), f (b), where a, b ∈ G′. Then we have
f (a) (f (b))−1 = f (a) f
(
b−1
)
= f
(
ab−1
)
∈ f
(
G′
)
.
Thus, f (G′) is a Hom subgroup of H.
(2) For all a, b ∈ f−1 (H ′), we have f (a) , f (b) ∈ H ′. Since H ′ is a Hom subgroup of H, we know
f
(
ab−1
)
= f (a) f
(
b−1
)
= f (a) (f (b))−1 ∈ H ′,
which implies that ab−1 ∈ f−1 (H ′). Therefore, f−1 (H ′) is a Hom subgroup of G.
Proposition 4.6. Let f : (G,α) −→ (H,β) be a homomorphism of Hom groups, then
(1) f is a monomorphism ⇐⇒ Kerf = {1G}.
(2) f is an epimorphism ⇐⇒ Imf = H.
(3) f is an isomorphism ⇐⇒ Kerf = {1G} and Imf = H.
Proof. (1) (=⇒)∀a ∈ Kerf, f(a) = 1H = f (1G) since f is a monomorphism, then a = 1G, that is
Kerf = {1G}.
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(⇐=) If f(x) = f(y), then we have f
(
xy−1
)
= f(x)f(y−1) = f(x)f(y)−1 = f(x)f(x)−1 = 1H ,
which implies that xy−1 = 1G. Since
(
xy−1
)
α(y) = 1Gα(x) = α
2(y) and
(
xy−1
)
α(x) = α(x)(y−1y) =
α(x)(1G) = α
2(x), we have x = y. Therefore f is a monomorphism.
(2) Imf is a Hom subgroup of H, by the definition of Imf , f is an epimorphism if and only if
Imf = H.
(3) It is obvious that f is an isomorphism if and only if Kerf = {1G} and Imf = H by (1) and
(2).
Example 4.7. Let H be a Hom normal subgroup of a Hom group G. The map π : G −→ G/H is an
epimorphism of Hom groups, called canonical homomorphism, and Kerπ = H.
Proof. Since π(xy) = (xy)H = (xH)(yH) = π(x)π(y) and π(α(x)) = α(x)H = α˜(xH) = α˜(π(x)), we
have π is a homomorphism of Hom groups. Obviously, π is an epimorphism.
By reference [5, Lemma 3.2], for each x ∈ H, we have π(x) = (x)H = H = 1G/H , which implies
x ∈ Kerπ. Thus, H ⊆ Kerπ. For each x ∈ Kerπ, note that π(x) = (x)H = 1G/H = H, so we have
x ∈ H. Thus, Kerπ ⊆ H. Therefore, Kerπ = H.
Theorem 4.8. (Fundamental Theorem of Homomorphisms of Hom groups) Let G, H be two Hom
groups. If f : (G,β) −→ (H,α) is an epimorphism, then G/Kerf ∼= H.
Proof. By proposition 4.3, we have gKerf = Kerfg, which implies that G/Kerf is a Hom group.
Define f : G/Kerf −→ H, where xKerf 7−→ f(x).
First, we verify f is well-defined:
xKerf = yKerf ⇒ x−1y ∈ Kerf
⇔ f(x−1y) = 1H
⇒ f(x)−1f(y) = 1H
⇒ α (f(x))
(
f(x)−1f(y)
)
= α(f(x))1 = α2(f(x)).
Since α (f(x))
(
f(x)−1f(y)
)
=
(
f(x)f(x)−1
)
α(f(y)) = 1Hα(f(y)) = α
2(f(y)), we have α2(f(x)) =
α2(f(y)). Therefore f(x) = f(y), which implies that f(x) = f(y).
Moreover, we need to prove f is a homomorphism of Hom groups: note that
f((xKerf)(yKerf)) = f(xyKerf) = f(xy) = f(x)f(y) = f(xKerf) · f(yKerf),
f(β˜(xKerf)) = f(β(x)Kerf) = f(β(x)) = α(f(x)) = α(f(xKerf)),
which implies that f ◦ β˜ = α ◦ f . Hence, f is a homomorphism of Hom groups.
Finally, we will prove f is a bijective map:
(1) f is a surjection: since f is an epimorphism, for any h ∈ H, there exists x ∈ G such that
f(x) = h, then f(xKerf) = f(x) = h, hence f is a surjection.
(2)f is an injection: we need to prove Kerf = {1G/Kerf}.
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Suppose that xKerf ∈ Kerf , then f(xKerf) = 1H = f(x), that is f(x) = 1H , so x ∈ Kerf .
Therefore, xKerf = Kerf = Kerf = {1G/Kerf}.
Corollary 4.9. If f : (G,β) −→ (H,α) is a homomorphism of Hom groups, then G/Kerf ∼= Imf .
Similar to groups, we have the first isomorphism theorem in Hom groups. Now we provide a
lemma before the theorem.
Lemma 4.10. Let H be a Hom subgroup of G and let N be a Hom normal subgroup of G, then
NH = HN is a Hom subgroup of G.
Proof. For all n ∈ N,h ∈ H, we have (hn)α
(
h−1
)
∈ N by N ⊳G. There exists n′ ∈ N such that
(hn) · α
(
h−1
)
= n′,(
(hn)α
(
h−1
))
α2(h) = n′α2(h),
α(hn)α
(
h−1h
)
= n′α2(h),
α(hn)1H = n
′α2(h),
α2(hn) = n′α2(h),
Then we have hn = α−2 (n′) h ∈ NH, which implies that NH ⊆ HN .
On the other hand, for all n ∈ N,h ∈ H, we have h−1 ∈ H. Note that
(
h−1n
)
α(h) =(
h−1n
)
α(
(
h−1
)
−1
) ∈ N by N ⊳ G, then there exists n′′ such that
(
h−1n
)
α(h) = n′′,
α
(
h−1
)
(nh) = n′′,
α2(h)
(
α
(
h−1
)
(nh)
)
= α2(h)n′′,
α
(
hh−1
)
α(nh) = α2(h)n′′,
α2(nh) = α2(h)n′′.
Then we have nh = hα−2 (n′′) ∈ HN , which implies thatNH ⊆ HN . Therefore, NH = HN .
In the last, we show that NH ⊳ G. For any nh, n′h′ ∈ NH, we have
(nh)
(
n′h′
)
−1
= (nh)
(
h′−1n′−1
)
= α(n)
(
hα−1
(
h′−1n′−1
))
= α(n)
((
α−1(h)α−1
(
h′−1
))
αα−1
(
n′−1
))
= α(n)
(
α−1
(
hh′−1
)
n′−1
)
∈ NH.
So the lemma holds.
Theorem 4.11. (First Isomorphism Theorem) Let H and N be Hom subgroups of a Hom group G
with N normal in G. Then
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(1) N ∩H is a Hom normal subgroup of H.
(2) N is a Hom normal subgroup of NH.
(3) H/N ∩H ∼= NH/N .
Proof. (1) ∀h ∈ H,x ∈ N ∩H, we only need to prove (hx)α(h−1) ∈ N ∩H.
Due to x, h, α−1(h) ∈ H, we have (hx)α
(
h−1
)
∈ H. Note that N is a Hom normal subgroup of
G, we have (hx)α
(
h−1
)
∈ N . Hence, (hx)α
(
h−1
)
∈ N ∩H.
(2) By lemma 4.10, NH is a Hom subgroup of G, now we prove that N is a Hom normal subgroup
of NH. For all nh ∈ NH,x ∈ N , we have
((nh) x)α
(
(nh)−1
)
= (α(n)α(h))
(
x
(
h−1n−1
))
= α2(n)
(
α(h)α−1
(
x
(
h−1n−1
)))
= α2(n)
(
α(h)
(
α−1(x)α−1
(
h−1n−1
)))
= α2(n)
((
hα−1(x)
) (
h−1n−1
))
= α2(n)
((
α−1
(
hα−1(x)
)
h−1
)
α
(
n−1
))
= α2(n)
(((
α−1(h)α−2(x)
)
h−1
)
α
(
n−1
))
∈ N.
Therefore, N is a Hom normal subgroup of NH.
(3) Define: f : H −→ NH/N ⊆ G/N , f (h) = hN . We need to prove that f is an epimorphism
and Kerf = N ∩H.
First, f is a homomorphism of Hom groups: ∀h1, h2, we have f(h1h2) = (h1h2)N = (h1N) (h2N) =
f (h1) f (h2) and f(α(h)) = α(h)N = α˜(hN) = α˜(f(h)). Thus, f is a homomorphism of Hom groups.
In addition, f is a surjection: we only need to prove NH/N = {hN |h ∈ H}. ∀ (nh)N ∈ NH/N ,
we have
(nh)N =
(
h′n′
)
N =
{(
h′n′
)
α(n)|n ∈ N
}
=
{
α
(
h′
)
(n′n)|n ∈ N
}
=
{
α
(
h′
)
n|n ∈ N
}
∈ {hN |h ∈ H}.
∀hN ∈ HN , we have hN = {hn|n ∈ N} =
{(
1G · α
−1(h)
)
· n|n ∈ N
}
=
(
1G · α
−1(h)
)
·N ∈ NH/N .
Hence, f is a surjection.
In the last, we show that kerf = N ∩H. Assume that h ∈ H, we have h ∈ Kerf ⇔ f (h) = 1⇔
hN = N ⇔ h ∈ N ⇔ h ∈ N ∩H, that is Kerf = N ∩H.
According to the fundamental theorem of homomorphisms of Hom groups,H/N∩H ∼= NH/N .
Theorem 4.12. (Second Isomorphism Theorem) Let (M,α) , (N,α) be two Hom normal subgroups
of (G,α) and let (N,α) be a Hom subgroup of (M,α). Then (M/N, α˜) is a Hom normal subgroup of
(G/N, α˜) and (G/N) / (M/N) ∼= G/M .
Proof. ∀m ∈M,g ∈ G, we have ((gN)(mN)) α˜
(
g−1N
)
= ((gN)(mN))
(
α
(
g−1
)
N
)
=
(
(gm)α
(
g−1
))
N ∈
M/N , which implies that M/N ⊳ G/N , so (G/N)/(M/N) is a Hom group.
Define f : G/N −→ G/M , f (gN) = gM .
(1) It is obvious that f is a surjection.
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(2) f is an epimorphism: ∀(g1N)(g2N),
f ((g1N)(g2N)) = f(g1g2N) = (g1g2)M = (g1M)(g2M) = f(g1N)f(g2N);
∀gN ∈ G/N ,
f(α˜(gN)) = f (α (g)N) = α (g)M = α˜ (gM) = α˜ (f (gN)) .
Hence, f is an epimorphism.
(3) ∀gN ∈ G/N, gN ∈ Kerf , we have f (gN) = gM =M if and only if g ∈M , which implies that
Kerf =M/N . Since f is a homomorphism of Hom groups, we have (G/N) / (M/N) ∼= G/M .
Example 4.13. Let (G,α) , (G′, α′) be two Hom groups. Then (G×G′, α× α′) is a Hom group,
where the operation is defined by (g, g′) (h, h′) = (gh, g′h′).
Proof. Define a map: α × α′ : G × G′ −→ G × G′, α × α′ (g, h) = (α (g) , α′ (h)), it is obvious that
α× α′ is a bijective map.
(1) α× α′ satisfies the Hom-associativity property: for all g, h, k ∈ G, g′, h′, k′ ∈ G′, we have
α× α′
(
g, g′
) ((
h, h′
) (
k, k′
))
=
(
α (g) , α′
(
g′
)) (
hk, h′k′
)
=
(
α (g) (hk), α′
(
g′
)
·
(
h′k′
))
=
(
(gh)α (k) ,
(
g′h′
)
α′
(
k′
))
=
(
gh, g′h′
) (
α(k), α′
(
k′
))
=
((
gg′
) (
hh′
)) (
α(k), α′
(
k′
))
=
((
g, g′
) (
h, h′
))
α× α′
(
k, k′
)
.
(2) α × α′ is multiplicative: for all g, h ∈ G, g′, h′ ∈ G′, we have α × α′ ((g, h) (g′, h′)) = α ×
α′ ((gg′, hh′)) = (α (gg′) , α′ (hh′)) = (α (g)α (g′) , α′ (h)α′ (h′)) = (α (g) , α′ (h)) (α (g′) , α′ (h′)) =
α× α′ (g, h)α× α′ (g′, h′).
(3) Identity element (1G, 1G′): ∀ (g, g
′) ∈ (G,G′),
(
g, g′
)
(1G, 1G′) =
(
g1G, g
′1G′
)
=
(
α (g) , α′
(
g′
))
= α× α′
(
g, g′
)
= (1G, 1G′)
(
g, g′
)
,
and α× α′ (1G, 1G′) = (α (1G) , α
′ (1G′)) = (1G, 1G′).
(4) For all (g, g′) ∈ (G,G′), there exists
(
g−1, g′−1
)
∈ (G,G′) such that (g, g′)
(
g−1, g′−1
)
=(
gg−1, g′g′−1
)
= (1G, 1G) =
(
g−1g, g′−1g′
)
=
(
g−1, g′−1
)
(g, g′).
In conclusion, (G×G′, α× α′) is a Hom group.
Example 4.14. Let (G,α) , (G′, α′) be two Hom semigroups, then (G×G′, α× α′) is a Hom semi-
group, where the operation is defined by (g, g′) (h, h′) = (gh, g′h′).
Proposition 4.15. Let (G,α) , (H,β) be two Hom groups, then
(1) There exist two monomorphism: iG : G −→ G×H, g 7−→ (g, 1H) and iH : H −→ G×H,h 7−→
(1G, h) such that G ∼= iG (G) and H ∼= iH (H);
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(2) G×H = iG (G) iH (H);
(3) iG (G) ∩ iH (H) = {(1G, 1H)};
(4) ∀x ∈ iG (G) ,∀y ∈ iH (H), we have xy = yx.
Proof. (1) ∀a, b ∈ G, we have
iG(ab) = (ab, 1H ) = (a, 1H )(b, 1H ) = iG(a)iG(b),
iG(α(a)) = (α (a) , 1H) = (α (a) , β (1H)) = α× β (a, 1H ) = α× β (iG (a)) .
So iG is a homomorphism of Hom groups. Similarly, iH is a homomorphism of Hom groups.
In addition, since a ∈ Ker (iG) ⇔ iG (a) = 1G×H ⇔ (a, 1H) = (1G, 1H) ⇔ a = 1G ⇒ Ker(iG) =
{1G}, iG is a monomorphism. Similarly, iH is a monomorphism.
Moreover, since iG (1G) = 1G×H , we can get G = G/Ker(iG) ∼= iG (G) = {iG (g) , g ∈ G}.
Similarly, H ∼= iH (H).
(2) Since iG(G) and iH(H) are Hom subgroups of G×H, we have iG(G)·iH (H) is a Hom subgroup
of G×H.
(3) For all (g, h) ∈ iG(G) ∩ iH(H), we have (g, h) ∈ iG(G) and (g, h) ∈ iH(H), which implies that
h = 1H and g = 1G. Thus, (g, h) = (1G, 1H) = 1G×H .
(4) Before that, we need to prove the following conclusion first: for all Hom groups G, xy = yx if
and only if ∀x, y ∈ G,α−1(xy)x−1 = α (y).
Assume that α−1(xy)x−1 = α (y), then
(
α−1(xy)x−1
)
α (x) = α (y)α (x) ,
(xy)(x−1x) = α(yx),
α(xy) = α(yx),
xy = yx.
Suppose that xy = yx, then α−1(xy)x−1 = α−1(yx)x−1 = yα−1(xx−1) = α(y).
So xy = yx if and only if α−1(xy)x−1 = α (y).
Now we prove (4), ∀(g, 1H ) ∈ iG(G),∀(1G, h) ∈ iH(H), we have (α×β)
−1(g, 1H )(1G, h)(g, 1H )
−1 =
α−1 × β−1(α(g), β(h))(g−1 , 1H) = (g, h)(g
−1, 1H) = (α, 1H ) = (1G, β (h)) = α× β(1G, h).
Proposition 4.16. Let H, K be Hom subgroups of G. Suppose that H,K satisfy the following three
conditions:
(1) G = HK;
(2) H ∩K = {1};
(3) ∀h ∈ H, k ∈ K, we have hk = kh,
then G ∼= H ×K.
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Proof. Define f : H ×K −→ G, (h, k) 7−→ hk. We claim that f is an isomorphism.
∀ (h, k) , (h′, k′) ∈ H ×K, we can get
f
(
(h, k)
(
h′, k′
))
= f
(
hh′, kk′
)
=
(
hh′
) (
kk′
)
= α−1
((
hh′
)
k
)
α(k)
=
(
h
(
α−1
(
h′k
)))
α
(
k′
)
=
(
α−1(hk)h′
)
α
(
k′
)
= (hk)
(
h′k
)
= f (h, k) f
(
h′, k′
)
.
∀ (h, k) ∈ H × K, we see that f(α × α(h, k)) = f(α(h), α(k)) = α(h)α(k) = α(hk) = α(f(h, k)).
Hence, f is a homomorphism.
It is obvious that f is a surjection by G = HK.
∀ (h, k) ∈ kerf , we have
f (h, k) = hk = 1G,
h = k−1 ∈ H ∩K = {1G} ,
h = 1G = k,
then f is an injection. Thus, G ∼= H ×K.
References
[1] N. Aizawa and H. Sato, q-deformation of the Virasoro algebra with central extension, Phys. Lett.
B 256 (1991), 185-190.
[2] M. Chaichian, P. Kulish, and J. Lukierski, q-deformed Jacobi identity, q-oscillators and q-
deformed infinite-dimensional algebras, Phys. Lett. B 237 (1990), 401-406.
[3] T. L. Curtright and C. K. Zachos, Deforming maps for quantum algebras, Phys.Lett. B 243
(1990), 237-244.
[4] G. Graziani, A. Makhlouf, C. Menini, and F. Panaite, BiHom associative alge bras, BiHom-Lie
elgebras and BiHom bialgebras, SIGMA Symmetry Integrability Geom. Methods Appl. 11 (2015),
Paper 086, 34 pp.
[5] M. Hassanzadeh, Lagrange’s Theorem For Hom Groups, Rocky Mountain Journal of
Mathematics (To appear).
[6] M. Hassanzadeh, Hom-Group, Rerpresentations and Homological Algebra, https://arxiv.org/
abs/1801.07398 (2018).
16
[7] M. Hassanzadeh, On Antipodes of Hom-Hopf Algebras, https://arxiv.org/abs/1803.01441
(2018).
[8] C. Laurent-Gengouxa, A. Makhlouf and J. Teles, Universal algebra of a Hom-Lie algebra and
group-like elements, Journal of Pure and Applied Algebra 222 (2018), no. 5, 1139-1163.
[9] J. T. Hartwig, D. Larsson and S. D. Silvestrov, Deformations of Lie algebras using σ-derivations,
J. Algebra 295 (2006), no. 2, 314-361.
[10] D. Larsson and S. D. Silvestrov, Quasi-hom-Lie algebras, central extensions and 2-cocycle-like
identities, J. Algebra 288 (2005), 321-344.
[11] D. Larsson and S. D. Silvestrov, Quasi-Lie algebras, Contemp. Math. 391 (2005), 241-248.
[12] A. Makhlouf and S. D. Silvestrov, Hom-algebra structures, J. Gen. Lie Theory Appl. 2 (2008),
no. 2, 51-64.
[13] A. Makhlouf and S. D. Silvestrov, Hom-Lie admissible Hom-coalgebras and Hom-Hopf algebras,
Generalized Lie theory in mathematics, physics and beyond, Springer, Berlin (2009), 189-206.
[14] A. Makhlouf and S. Silvestrov, Hom-algebras and Hom-coalgebras, J. Algebra Appl. 9 (2010), no.
4, 553-589.
[15] A. Makhlouf and F. Panaite, Hom-L-R-smash products, Hom-diagonal crossed products and the
Drinfeld double of a Hom-Hopf algebra, J. Algebra 441 (2015), 314-343.
[16] D. Yau, Hom-bialgebras and comodule Hom-algebras, Int. Electron. J. Algebra 8 (2010), 45-64.
[17] D. Yau, Hom-quantum groups: I. Quasi-triangular Hom-bialgebras, J. Phys. A 45 (2012), no. 6,
065203, 23 pp.
[18] D. Yau, Enveloping algebras of Hom-Lie algebras, Journal of Generalized Lie Theory and Appli-
cations 2 (2008), 95-108.
17
